1 . The classical Liouville theorem describes a Liouville fibration in a small neighbourhood of any compact connected regular fibre T ξ = F −1 (ξ) up to isomorphism. The works [1, 2, 3] stated the problem of finding an analogue of the Liouville theorem for integrable Hamiltonian systems whose Hamiltonian vector fields have incomplete flows. We solve this problem for systems with k = 2 degrees of freedom (theorem 3). We define a "canonical" Liouville fibration L W ;U,dI,S; [Θ] by means of so-called combinatorial-geometrical-topological data (shortly CGT-data), denoted by (W ; U, dI, S; [Θ]), which are a 2-parameter family of flat polygons with certain pairing of sides. Dynamical properties of the corresponding Hamiltonian flow on an individual "generic" fibre T ξ were studied by many authors (see [4, 5, 6] The CGT-data are defined as follows.
Combinatorial data.
Suppose n ∈ N, σ ∈ Σ 2n is a permutation of the set {1, . . . , 2n}, and τ := σ −1 ∈ Σ 2n is the inverse permutation. Denote the set of symbols (a 1 , a
A quadratic word is the formal product
Consider the closed unit 2-disk D ⊂ C centred at the origin, with 2n marked points v ℓ = e πiℓ/n ∈ ∂D, 1 ℓ 2n. k of W , 1 k n. Denote by β k the directed curve on D formed by the radii that terminate at the centres of the edges α k and α k , directed from α k (1/2) to α k (1/2), 1 k n. Consider the topological space
with quotient topology. It is a connected orientable closed surface (of dim R C = 2), with the induced cell decomposition having s := n+ 1 − 2g vertices, n directed edges identified with α 1 , . . . , α n , and one 2-cell. Here g denotes the genus of C. Denote by C r ⊂ C the r-skeleton of this cell decomposition, 0 r 2. Thus
is a connected orientable genus-g surface with s punctures. If the graph ∪ n k=2g+1 α k is a spanning tree of the graph C 1 (as can be achieved by renumbering the symbols a 1 , . . . , a n ) then the quadratic word W will be called combinatorial data of genus (g, s).
Geometrical data. Suppose U 1 ⊂ C is an open subset, and
is called geometrical data with respect to the data W .
2.3.
Combinatorial-geometrical data. Let us describe a natural geometrical object associated to the CG-data (W ; U 1 , J, J 0 ), namely a 2-parameter family of closed planar polygonal lines with certain pairing of sides.
The group
, where
denote the homology classes of the curves α k , β k in appropriate homology groups. Consider the coordinate isomorphisms µ = (µ 1 , . . . , µ n ) :
with respect to these bases. Consider natural homomorphisms
Define the linear map A = (A 1 , . . . , A 2n ) : C n → C 2n by the rule
Here
Consider the 2-parameter family of the closed 2n-gonal lines on C with consecutive vertices
with parameter ξ, more precisely the 2-parameter family of the planar closed paths θ W ;J(ξ),J0(ξ) : ∂D → C formed by the segments
is an orientation-preserving immersion and Θ ξ0 | ∂D = θ. So, an extension may have branching at the vertices v ℓ . In general, an extension is not unique up to homeomorphisms of D identical on ∂D (e.g. the octagon with consecutive vertices −2 − i, i, 2 − i, −1/2, 2 + i, −i, −2 + i, 1/2 has inequivalent extensions [7] ). Any extension Θ ξ0 of θ can be included into a family of extensions Θ ξ : D → C of the closed 2n-gonal lines θ W ;J(ξ),J0(ξ) , ξ ∈ U , such that the map
is continuous, where U ⊂ U 1 is a small enough simply-connected neighbourhod of ξ 0 . Consider the set [Θ] of maps obtained by composing Θ with homeomorphisms of U ×D that are identical on U ×∂D and preserve each fibre of the projection U ×D → U . The set [Θ] is called topological data with respect to the data (W ; U, J, J 0 ). § 3. "Exact" geometrical data and canonical Liouville fibrations
Consider the topological 4-manifold
and its open subsets . Consider the following immersions of these subsets into U × C ⊂ C 2 :
where ξ :
Denote by A the atlas on M W ;U formed by all coordinate charts with local coordinates (ξ, Θ k ) on M k , 0 k n.
Theorem 1. The following ("exactness") conditions are equivalent:
(i) the atlas A on M W ;U is smooth, and the symplectic 2-form {Re(dξ ∧dΘ
, ξ) is a Liouville fibration; (iii) the 1-forms Re(T k (J(ξ))dξ) with 1 k 2g (equivalently, with 1 k n) on U are smooth and closed; (iv) the surfaces {(ξ, T k (J(ξ))) | ξ ∈ U } with 1 k 2g (equivalently, with 1 k n) are smooth and Lagrangian in (U × C, Re(dξ ∧ dΘ)).
for some smooth map I = (I 1 , . . . , I 2g ) : U → R 2g . Thus the condition (iii) of theorem 1 holds. Put
. Let us associate the triple (U, dI, S) to such geometrical data (U, J, J 0 ). By misuse of language, the triple (U, dI, S) will be called exact geometrical data with respect to W .
By theorem 1, any exact CGT-data (W ; U, dI, S; [Θ]) determine a unique (up to equivalence) Liouville fibration, which is denoted by L W ;U,dI,S; [Θ] and called a canonical Liouville fibration.
Theorem 2. For any pair of canonical Liouville fibrations
with the same data (W ; U ), the following conditions are equivalent: 
For any side e of ∆ f , denote f e (z, w) := (ℓ,m)∈e a ℓm z ℓ w m . The polynomial f is called weakly nondegenerate with respect to ∆ f if, for any side e of ∆ f that does not lie on coordinate axes and for any point (z, w) ∈ (C \ {0}) 2 with f e (z, w) = 0, one has df e (z, w) = 0. (i) there exist functions I 2g+1 , . . . , I n , I 0 ∈ C ∞ (U, R) such that Re(J 0 (ξ)dξ) = dI 0 (ξ), Re(J k (ξ)dξ) = dI k (ξ), 2g+1 k n, ξ ∈ U , where S = (J 2g+1 , . . . , J n , J 0 ) ∈ C 0 (U, C s ); moreover the functions I 0 , . . . , I n ∈ C ∞ (U, R) are real parts of some holomorphic functions on U ⊂ C;
(ii) for any ξ ∈ C \ Σ f , there exists a bijection between the punctures of T ξ and the couples of neighbour integer points A, B ∈ ∂∆ f that do not belong to the same coordinate axis, satisfying the following condition: the cone angle of the flat Riemannian metric g ξ at the puncture corresponding to {A, B} equals 4πs {A,B} where s {A,B} is the area of the triangle A, B, (1, 1) .
Theorem 4 can be proved by using [8, 9, 10, 11] . Its analogues for hyperelliptic polynomials are given in [12, 10, 11] .
